Integration- Questions

June 2019 Mathematics Advanced Paper 1: Pure Mathematics 1

1.

ye

=¥

Figure 2
Figure 2 shows a sketch of part of the curve with equation y =x(x + 2)(x — 4).

The region R, shown shaded in Figure 2 1s bounded by the curve and the negative x-axis.

20

(a) Show that the exact area of R 1s ?

4)

The region R, also shown shaded in Figure 2 1s bounded by the curve, the positive x-axis
and the line with equation x = b, where b is a positive constant and 0 < b < 4

Given that the area of R 1s equal to the area of R,

(b) venfy that b satisfies the equation

(b+ 2y (36 —20b +20) =0
(4)

The roots of the equation 35" — 20b + 20 = 0 are 1.225 and 5.442 to 3 decimal places.
The value of b 1s therefore 1.225 to 3 decimal places.

(c) Explain, with the aid of a diagram, the significance of the root 5.442
(2)



13. The curve C with equation

p=3x

y= — xeRx+-3x+2
. (2x=g)x+3)

1
where p and g are constants, passes through the point (l —] and has two vertical asymptotes
with equations x =2 and x = -3 2

(a) (1) Explamn why you can deduce that g = 4

(11) Show that p =15
(3)
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Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4,
15 bounded by the curve C, the x-axis and the line with equation x = 3

(b) Show that the exact value of the area of R 1s aln2 + blIn 3, where a and b are rational
constants to be found.

(8)
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3.
Show that

fzna’x T 2dx = %(z +2)

(7)
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4,
{a) Given that k 15 a constant, find
4
J-[ — + ﬂ'x]d_r
X
simplifying your answer.
(3)
{b) Hence find the value of k such that
j( 4« - ff.t]dx =8
-x_J
0.5
(3)
5.
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Figure 3

Figure 3 shows a skeich of part of the curve with equation

p= 2 — 172" + 40x



The curve has a minimum turning point at x = £.

The region R, shown shaded in Figure 3, is bounded by the curve, the x-axis and the line
with equation x = £.

. 256
Show that the area of R 1s 3
(Solutions based entirely on graphical or numerical methods are not acceptable.)
(7
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6.
Find
2 3
il 6v/x + 1 |dx
giving your answer in its simplest form.
(4)
7.
VA Not to scale
0 e

Figure 4

Figure 4 shows a sketch of part of the curve C with equation

32
y=—+3x-8, x>0
¥

The point P (4, 6) lies on C.
The line / is the normal to C at the point P.

The region R, shown shaded in Figure 4, is bounded by the line /, the curve C, the line
with equation x = 2 and the x-axis.

Show that the area of R 1s 46

(Solutions based entirely on graphical or numerical methods are not acceptable.)
(10)
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8.
Find

giving each term in its simplest form.

The curve C has equation v = f{x), x = 0, where

6—5x°

Vx

f'(x)=30+

Given that the point P (4. —8) lies on C,

(a) find the equation of the tangent to C' at P, giving vour answer in the form v =mx + ¢,

where m and ¢ are constants.

(&) Find f(x), giving each term in its simplest form.
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10.

Find

giving each term in its simplest form.

(4)

(4)

()

(4)
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11.
.q
Given that y = 4x° — L . x= 0, find in their simplest form
.
dv

a) —.

(a) =
(3)

(B) J‘ v odx.
(3)

12.
A curve with equation v = f{x) passes through the point (4, 9).
Given that
freg=F - 2 4o yso,
2 4N x

(@) find f{x). giving each term 1n its simplest form.
(3)

Point P lies on the curve.

The normal to the curve at P 1s parallel to the line 2v +x=10.

(b) Find the x-coordinate of P.
(3)
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13.

Fi.ndJ‘ (8x" +4) dv. giving each term in its simplest form.

&)
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14.
Find

J‘! 10x* —41‘—.i\!tir=
\ N

giving each term in 1ts simplest form.

(4)
15.
feo= O .o
!
(a) Show that f'(x) = 9x2 + 4 + Bx?, where 4 and B are constants to be found.
(3)
(&) Find £"(x).
(2)
Given that the point (=3, 10) lies on the curve with equation v = f(x),
(e) find fi{x).
(3)
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16.
, Av_ &
8 di:—x'*—_h — . x=0
dx 2x
Grven that v =7 at x = 1, find v 1n terms of x, giving each term in 1ts simplest form.
(6)
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17.
1.  Find

(2,2 ]
| 6x" + —+5 |dx.
L X J

giving each term in its simplest form

C))
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18.

1.

19.

1
Given that y =x* + 6x2, find in their simplest form

dy
a) —.
(a) =

() J‘;- dx .

A curve with equation v = f{x) passes through the point (2, 10). Given that

Fi(x)=3x2—3x + 5.

find the value of f{1).
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20.

2,

21.

Giventhaty=2x"+7+ i .x# 0, find, in their simplest form,
E

dy
ay —.
(a) .

(5) J‘;- d

_ 6x+ 32 .
Given that ; can be written in the form 6xF + 3xg,
Wx

(a) write down the value of p and the value of g.

Given that & = &%+ 3%

and that y = 90 when x =4,
dx Nx

(B) find v in terms of x, simplifying the coefficient of each term

3)

3)

(3)

)

4)

2)

&)
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22.
2. Find
1
j (12x° =37 +4x%) d,
giving each term in its simplest form.
(3)
23.
7.  The curve with equation v = f{x) passes through the point (—1, 0).
Given that
f'(x)=12x2—8x+ 1,
find fix).
(3)
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24.
2. Find
1
j(Sf +6x1—%5) d,
giving each term in its simplest form.
4
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25.
dv _ 1
4. hi Sx f +xvx, x =0
dx

Given that y = 35 atx =4, find y in terms of x, giving each term in its simplest form.

(N
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26.
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Figure 3
Figure 3 shows a sketch of part of the curve C with equation
y=x(x+Hix -2
The curve C crosses the x-axis at the origin @ and at the points 4 and 5.

(a) Write down the x-coordinates of the points 4 and B.
(1)

The finite region, shown shaded i Figure 3, 13 bounded by the curve C and the x-axis.

() Use integration to find the total area of the finite region shown shaded in Figure 3.
(7)
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27.
5

e

Figure 2
Figure 2 shows the line with equation v = 10 — x and the curve with equation v = 10x —x* — 8.
The line and the curve intersect at the points 4 and B, and O 1s the ongin.

{a) Calculate the coordinates of 4 and the coordinates of B.
(3)

The shaded area R 1s bounded by the line and the curve, as shown in Figure 2.

(&) Calculate the exact area of R.
(7
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28.

y=-x+2r+24

yv=x+4

-H'"'

Figure 3



The straight line with equation ¥ = x + 4 cuts the curve with equation y = —x* + 2x + 24 at the
points 4 and B, as shown in Figure 3.

() Use algebra to find the coordinates of the points 4 and B.
4)

The finite region R 1s bounded by the straight line and the curve and 1s shown shaded in Figure 3.

(5) Use calculus to find the exact area of R.

(7
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29.

Figure 1

Figure 1 shows a sketch of part of the curve C with equation
yv=(x+1)x—3)
The curve crosses the x-axis at the points 4 and B.

(@) Write down the x-coordinates of A and B.
(1)

The finite region R, shown shaded in Figure 1, 1z bounded by C and the x-axis.

(&) Use integration to find the area of R.
(6)
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30.

Y

8] X

Figure 2
Figure 2 shows a sketch of part of the curve C with equation
y=x"—10x2+ kx,
where k 1s a constant.
The point P on C 15 the maximum turning point.
(Given that the x-coordinate of P1s 2,

(@) show that k=28
(3)

The line through P parallel to the x-axis cuts the y-axis at the point N.
The region R 1z bounded by C, the v-axis and PN, as shown shaded in Figure 2.

(&) Use calculus to find the exact area of .
(6)
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31.
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Figure 2

The curve C has equation y = x* — 5x + 4. It cuts the x-axis at the points L and M as shown in

Figure 2.
(a) Find the coordinates of the point L and the point M.

(2)
(B) Show that the point N (5, 4) lies on C.

(1)
(¢) Find J‘(f —5x+4) dx.

(2)

The finite region R is bounded by LN, LM and the curve C as shown in Figure 2.

(d) Use your answer to part (c) to find the exact value of the area of R.
(3)



