Functions and Graphs - Answers
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1.
Question Scheme Marks
Number
3.(a) y..3 Bl
(1)
(b) y=3+x+2=y-3= x+2:>x=(_v—3):—2 MI Al
=g'(x)=(x-3) -2, withx. 3 Al
(3)
(©) glx)=x=3+fx+2=x
=x+2=(x-3) =>x*-Tx+7=0 M1, Al
+
x=?_jﬁ:>x=?+:!ﬁ only MI, Al
(4)
T+4421
(d) a= > Bl ft
(1)
9 marks
(c) Alt Solves g-l[x}=_‘r=>{x—3]2-2=x
= -Tx+7=0 MI, Al
+
::-)r::Ir_.u"‘ﬂ:})r:.‘Ir-i-"JI’:H dM1, Al
2 2 only
4




(a)
Bl States the correct range for g Accept g{x) .33g. 3 Rang—::...’r, [3.00} Range 1s greater than or equal to 3
Condone . 3 Do not accept g(x)>3,x..3,(3,90)

(b)

Ml Attempts to make x or a swapped y the subject of the formula. The minimum expectation is that the 3 i1s moved
over followed by an attempt to square both sides. Condone for this mark \fx+2 =y+3=x+2=3"19

Al Achieves X = [y—3:lz —2 or if swapped ¥ = [1—3}1 —2orequivalent such as x =" —6y+7
Al Requires a correct function in x + correct domain or a correct function in x with a correct follow through on the
range in (a) but do not follow through on x e R

Accept for example g"{x}=(x—3}: -2, x.3  Condone {'(x) =(x—3}: -2, x.3

or variations such as ¥ = {x —3}: =2, x=3 if(a) wasy >3
Accept expanded versions such as g (x)= x —6x+7, x.3 but remember to isw after a correct answer
(Condone f'{x)=x"-6x+7, x.3)
(c)
M1 Sets 3+ m = x, moves the 3 over and then attempts to square both sides.
Canbescored for (fx+2=x-3=x+2=x"%9

Al x* —7x+7=0. The = 0 may be implied by subsequent working
M1 Correct method of solving their 3TQ by the formula’ completing the square. The equation must have real roots.

It is dependent upon them having attempted to set 3+ +fx + 2 = x and proceeding to a quadratic.
You may just see both roots written down which is fine.

Allow for this mark decimal answers Eg 5.79 and 1.21 for x =7x+7=0 You may need to check with a cale.

Al (‘t] = ! +;'ﬁ or exact equivalent only.

This answer following the correct quadratic would imply the previous M

+ "
Allow x =E+ 2 but DO NOT allow Jr=H
2 4 2
J+fx+2 ="{x—3’;}2 —-2"=x'-12x" +44x" —49x+14=0
(c) can of course be attempted by solving . i .
= (¥ =Tx+7)(x* =5x+2)=0

The scheme can be applied to this

?+J2_1 7+21
2

3 oe . You may condone x =

You may allow the correct decimal answer, awrt 5.79, following exact/decimal work in part (¢) or a restart.
Follow through on their root, including decimals, coming from the positive root with the positive sign in (c).

+
7 _;E So the correct follow through would be x = 7 +2J§

If they only had one root in (¢) then follow through on this as long as it is positive.

Blft (a)=

. You may allow this following a re - start.

Egln(c). x¥’ - Tx+11=0=x=

SC. If they give the correct roots in parts (c) and (d) without considering the correct answer then award Bl in (d)

7+21 7+21
2

2

following the AO0 in (c). So [:r} = as their answer in part (c), allow {:r ! a} = for Bl in (d).
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2.

Question Scheme Marks
1(a) . 28 ( 0-x
fa(x)=——-1 = -
e(x) x-2 \ .‘L'—Z} M1
28
Sets fpix)=x :3-—2—1:1
= 2B=(x+1)x-2)
=x -x-30=0 M1
= (x—6)x+5)=0
—=xr=0,x=-5 dM1 Al
_ (4)
(b) a=6 BI fi
(1)
5 marks
Alt1(a) | fo(x)=x= g(x)=f"(x)
4 x+l Ml
x-2 7
—=x -x-30=0 M1
= (x—-6)x+5)=0
= x=6,x=-5 dM1 Al
. 4 marks
§. Case | Uses of (x) mnstead fofx) Makes an error on fg(x)
Txd
-4 3 Sets fo(x)j=r=>———=1=x
—?_Y—I—E_x Tx(x=2) MO
= T7x* =3x—4=0 =x —x-6=0 M1
= (Tx+4)x-11=0 = (x+Dx=-3)=10
4
::-_!r=—?~ x=1 —x==2. x=3 dM1 AD
2 out of 4

marks




(a)
M1

Ml
dM ]

Al
(b)
Blft

Sets or implies that fg(x)= 28 -1 Eg accept fg(x)= ?[—4 ]— 1 followed by fg(x)= x4 -1
x-2 -2 =2
. ] -1 xxl
Alternatively sets g(x) =1 (x)where  (x)= —
- 28
| i =7 -1= =11
Note that tzix) (x—EJ T-2) 1s MO

Sets up a 3TQ (= 0) from an attempt at fg(x)=x or g(x)= £ (x)

Method of solving 3TQ (= 0) to find at least one value for x. See "General Priciples for Core
Mathematics" on page 3 for the award of the mark for solving quadratic equations

This is dependent upon the previous M. You may just see the answers following the 3TQ.
Both x=6and x=-5

For a =6 but you may follow through on the largest solution from part (a) provided more than one
answer was found in (a). Accept 6, a=6 and even x=06
Do not award marks for part (a) for work in part (b).
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3.

%ﬁ:&g:’ Scheme Marks
. 2!,
¥ y=2e -5
Shape | B1
2.(ai) [ 5 3 a
In(z),[l)and(ﬂ, 3) Bl

** /[*-E]w}
03 y=-5 | Bl

Bt ] y=-3

(3)




,\'"
i I y=le*-o Shape inc cusp | g1
o
(ai) [In(%).ﬂ]and[{],j} Blft
> y=3 | Blft
I
(3)
>3 BI ft
(b) x?ll | N
(c) 26’—5:—2:-[_:}:1.1[%] MIAI
(7
:]_rl_
(x) [2] Bl
(3)
(10 marks)
(a)(i)

For an exponential (growth) shaped curve in any position. For this mark be tolerant on
slips of the pen at either end. See Practice and Qualification for examples.

Intersections with the axes at [|n (%),ﬂ]and (0,-3)-

Allow 1p [3] and — 3 being marked on the correct axes.
Condone (ﬂ,h[g]]ﬂnd[—lﬂ) being marked on the x and y axes respectively.

Do not allow (hl [%), D] appearing as awrt (0.92, 0) for this mark unless seen

elsewhere. Allow if seen in body of script. If they are given in the body of the script
and differently on the curve (save for the decimal equivalent) then the ones on the
curve take precedence.

Equation of the asymptote given as y = —5. Note that the curve must appear to have
an asymptote at y = —5 , not necessarily drawn. It is not enough to have -5 marked on
the axis or indeed x = —5. An extra asymptote with an eguation gets B0




(a)(ii)
Blft

Blft

Blft

(b)
Blft

(c)
M1

Al

Bl

For either the correct shape or a reflection of their curve from (a)(i) in the x- axis.
For this to be scored it must have appeared both above and below the x - axis. The
shape must be correct including the cusp. The curve to the lhs of the cusp must appear
to have the correct curvature

Score for both intersections or follow through on both the intersections given in part
(a)(1), including decimals, as long as the curve appeared both above and below the x
- axis. See part (a) for acceptable forms

Score for an asymptote of y =5 or follow through on an asymptote of y = - from

part (a)(i). Note that the curve must appear to have an asymptote at y = ¢ but do not
penalise if the first mark in (a)(ii) has been withheld for incorrect curvature on the lhs.

Score for ¢ = In

E] . x zawrt 0.92 or follow through on the x intersection in part (a)
2

Accept 2¢* -5=-20r -2¢"+5=2 = x=.In(.)

. 2
Allow squaring so (2-;* - 5] =4= e* =..and..= x =In(..), In{..)

3
x=In [5] or exact equivalents such as x =In1.5. You do not need to see the x.
Remember to isw a subsequent decimal answer (.405

T .
x=In [E] or exact equivalents such as x =In3.5. You do not need to see the x.

Remember to isw a subsequent decimal answer 1.25

If both answers are given in decimals and there is no working x = awrt 1.25, 0.405
award SC 100



?{':::éz:’ Scheme Marks
7.(a) Applies v+ uv' to (_r: -x )e'zr
g'l(x)= (x3 —x7 Jx-2e 4 (2_1' - E_YI}X e MI Al
g'(x)=(2x" - 5x" + 2x)e ™ Al
(3)
(b) Sets (213 -5x" + Qx)e':’ =0=2x" -5x"+2x=0 | M1
x{zf—5_r+2]=ﬂ:>_r=m},%,2 MILAI
Sub x = if 2 into g(x) :(Iz —f}e'z’ = g[lj l._. g(2)= —i“ dMI1.Al
2 2) Be e
Range -~ <g(x)< e
(c) Accept g(x) is NOT a ONE to ONE function
Accept g(x) 1s a MANY to ONE function Bl
Accept g '(x)would be ONE to MANY (1)
(10 marks)

Note that parts (a) and (b) can be scored together. Eg accept work in part (b) for part (a)

(a)
M1

Uses the product rule vu'+uv'with & = »* — x*and v = ¢~ or vice versa. If the rule is
quoted it must be correct. It may be implied by their u =..v=_u"'=.v"'=..followed by their
vie'+ wv' . If the rule is not quoted nor implied only accept expressions of the form

(x: —x" Jxt e + {Bx +Cx’ )xe ™" condoning bracketing issues

Method 2: multiplies out and uses the product rule on each term of x%¢ ** — x'e ™™

Condone issues in the signs of the last two terms for the method mark
Uses the product rule for uvw = u'"vw+uv'w+uvw' applied as in method 1

Method 3:Uses the quotient rule withu = x* — x*and v = ¢**. [fthe rule is quoted it must

be correct. It may be implied by their ¥ =..v=.u'=.»"'=..followed by their H If the

v

e { Ax—Bx* }—{_r: —x } x Ce™

(&)
2

condoning missing brackets on the numerator and ¢~ on the denominator.

rule 15 not quoted nor implied accept expressions of the form

Method 4: Apply implicit differentiation to  ye™ = x* —x° = ™" x %+ yx2e™ =2x - 3x"
X

Condone errors on coefficients and signs



Al

Al

(b)
Ml

M1

Al
dM1

Al

Al

(c)
Bl

A correct (unsimplified form) of the answer

glx)= (x3 - xs}x—z e ™" +{2_t'— 3_r2]>< e " by one use of the product rule

OF gx)=x"x-2e + 2xe > - x’ x-2e " — 3x* x ¢ - using the first alternative

OF gyx)=2x(l-x)e ™ +x’ x—-Ixe " +x'(l - x)x —2¢ " using the product rule on 3 terms

th'{lx—lr:}—{x’ —f‘}x 2e’*
()

Writesg'(x) = [2_1'3 —5x" + E_Y)c'“ . You do not need to see f(x)stated and award even ifa

using the quotient rule.

or glix)=

correct g '(x) is followed by an incorrect f(x). If the f{x) is not simplified at this stage you
need to see it simplified later for this to be awarded.

Note: The last mark in e-pen has been changed from a *B” to an A mark

For setting their f{x) =0. The = 0 may be implied by subsequent working.

Allow even if the candidate has failed to reach a 3TC for f{x).

Allow for f(x)= 0 or f(x)< 0 as they can use this to pick out the relevant sections of the
curve

For solving their 3TC = 0 by ANY correct method.

Allow for division of x or factorising out the x followed by factorisation of 3T(Q). Check first
and last terms of the 3TQ. Allow for solutions from either f(x)z0o0r f(x)<0

Allow solutions from the cubic equation just appearing from a Graphical Calculator

x= %ﬁz . Correct answers from a correct g'(x) would imply all 3 marks so far in (b)

Dependent upon both previous M’s being scored. For substituting their two (non zero) values
of x into g(x) to find both y values. Minimal evidence is required x =..= y =.. is OK.

Accept decimal answers for this mark. ¢ [%J - é:awﬂ 0.046 AND g(2)= _Ei4=nwn —0.073

4 1

k]
¢! Be

CSO Allow —iﬁz Range < L . —is;y {;i,
et Be 'S Be

. Condone p;}—iq y,,-cgl—
. e Be

Note that the question states hence and part (a) must have been used for all marks. Some

students will just write down the answers for the range from a graphical calculator.

Seeing just —i_t{g[x}éﬂL or —0.073< g(x)< 0.046 special case 100000.
© [

They know what a range is!

It the candidate states ‘NOT ONE TO ONE’ then accept unless the explicitly link it to g-'(x).
So accept ‘It is not a one to one function”. “The function is not one to one” ° g(x) is not one to
one’

It the candidate states ‘IT IS MANY TO ONE" then accept unless the candidate explicitly
links it to g'(x). So accept ‘It is a many to one function.” *The function is many to one’

"g(x) is many to one’

If the candidate states ‘IT IS ONE TO MANY" then accept unless the candidate explicitly
links it to g(x)

Accept an explanation like " one value of x would map/ go to more than one value of "
Incorrect statements scoring B0 would be ,'(4) is not one to one, ¢ '(y) is many to one and

g(x) is one to many.
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5.

%l:]er:g:? Scheme Marks
»t
4.(a) \ o1 =a) ‘W’ Shape | B]
(0, 11)and (6, 1) | BI
1)
0 >x
(2)
- ‘V* shape | B|
yA
(b) (-6,1) [ BI
Y23
Ro25) (0,25) | BI
Qs 3
0 x
(3)
(c) Oneof a=2 orb=6 Bl
a=2and b=06 Bl
(2)
(7 marks)
(a)

Bl A W shape in any position. The arms of the W do not need to be symmetrical but the two bottom
points must appear to be at the same height. Do not accept rounded W’s,

A correct sketch of y =f [|r|) would score this mark.

Bl A W shape in quadrants | and 2 sitting on the x axis with P'=(0,11)and Q' =(6,1). It 1s not necessary
to see them labelled. Accept 11 being marked on the y axis for P'.Condone P'=(11,0) marked on the
correct axis, but 0'=(1,6)1s B0




(b)
Bl

Bl

Bl

Score for a V shape in any position on the grid. The arms of the V do not need to be symmetrical. Do
not accept rounded or upside down V’s for this mark.
Q'=(-6,1). It does not need to be labelled but it must correspond to the minimum point on the curve

and be in the correct quadrant.
P'=(0,25). It does not need to be labelled but it must correspond to the y intercept and the line must

cross the axis. Accept 25 marked on the correct axis. Condone P'=(25,0) marked on the positive v

daxls.

Special case: A candidate who mistakenly sketches y = -2f(x)+3 or y =-2f(-x)+ 3 will armive at one of the
following. They can be awarded SC B1B0OB0

()
BI

Bl

v

L J

\ (0.—
\(0.-19)

(0,-19)/

Either statesa=2 or b = 6.
This can be implied (if there are no stated answers given) by the candidate writing that y =..|x —g|-1

or y=2|x—, |-1. If they are both stated and written, the stated answer takes precedence.
Statesbotha=2and b= 6

This can be implied by the candidate stating that y = 2|y —g|-1

If they are both stated and written, the stated answer takes precedence.



Question Scheme Marks
MNumber
5.(a) Y Hx—6=(x+3)x-2) Bl
X . 3(2x+1) x(x-2)+3(2x+1) M1
x+3 (x+3)x-2)  (x+3)x-2)
M +dx+3
= Al
(x+3)(x-2)
o5 eas)
Fi(x-2)
_(xtD) . .
= (x-2) Cs0 Al
(4)
(b) One end etther (y) =1L (y)=1 or (y) <4, (y)=4 Bl
l<y<4 Bl
(2)
(c) Attempt to set
Either g(x)=x or g(x) =g_|{x} or g_l{x]l =X or gz (x)=x
x+1 1
{_r+]]= :c+l=2x+l 2_r+1=1_ x-2" _. M
(x—2) xr-2 x-1 x—1 Jr+1_2
x=-2
¥ -3x-l=0=x=.. Al, dMI
a=3+;lgoe(l.5+~.}‘ﬁ) cso | Al
(4)
(10 marks)




(a)
BI
Ml

Al

Al

(b)

Bl

(€)
Ml

Al
dM1

Al

x +x—6=(x+3)(x—2) This can occur anywhere in the solution.

For combining the two fractions with a common denominator. The denominator must be correct for
their fractions and at least one numerator must have been adapted. Accept as separate fractions.
Condone missing brackets.

x_ . 3(2x+1) x(xX +x-6)+3(2x+1)(x+3)
¥+3 x4+x-6 (x+3)(x" +x—6)
N 3(2x+1)  _ xxx-2 . 3(2x+1)
x+3 (x+3)x-2) (x+3)x-2) (x+3)x-2)
simplified quadratic
simplified quadratic
M Hdx+3 x+4x+3 o+ T +15x+9 (x+1)(x +3)(x%3)
- . OR —3 —
(x+3)x-2) x +x-6 (x+3)x* +x—6) Lyr’f)(x'+::—ﬁ}
As In question one they can score this mark having "invisible' brackets on line 1.
Further factorises and cancels {which may be implied) to complete the proof to reach the given
(x+1)
(x-2)
to be correct.

Accept

Condone

A correct intermediate form of

Accept

ANSWer = . All aspects mcludmg bracketing must be correct. If a cubic 1s formed then it needs

States either end of the range. Accept either y < 4, y<4 or y =1, y=1 with or without the y's.
Correct range. Accept 1<y <4, l<g<4, y>land y<4, (1,4), 1< Range < 4, even | = < 4,
Donotaccept l<x <4, 1<y=<4, [1,4) etc.

Special case, allow BIBO for 1<x <4

Attempting to set g(x)=x, g (x)=x or g(x)=g7'(x) or g*(x)=x .
If g_ll'_x] has been used then a full attempt must have been made to make x the subject of the formula.
A full attempt would involve cross multiplying, collecting terms, factorising and ending with division.

. . - +2x+1
As a result, it must be in the form g~ (x) =
+r+l
x+1 1
+2x+ +Ix+
Accept as evidence (x+1) =x OR x+1 :‘21_1 OR Hx+1 —yOR X=2 _,
(x—2) x—-2 #x=+l +x+1 x+1 5
x=2

x* —3x—1=0or exact equivalent. The =0 may be implied by subsequent work.
For solving a 3TQ=0. It 1s dependent upon the first M being scored. Do not accept a method using factors
unless it clearly factorises. Allow the answer written down awrt 3.30 (from a graphical calculator).

3+413 3-v13

. Ignore any reference to

aorx=

Withhold this mark if additional values are given for x, x> 3
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7.

Question Scheme Marks
Number
2 ¥ t In graph crossing x axis at (1,0) | Bl
1) and asymptote at x=0
| =iy
-
i} (1.0 L
¥ Shape including cusp | Blft
2(ii) Touches or crosses the x axis at (1,0) | Blft
Asymptote given as x=0 | Bl
o | (L0} :
F 1
Shape | Bl
Crosses at (5, 0) | BIft
2(iii)
Asymptote given as x=4 | Bl
0 {7 marks)




Notes for Question 2

(i) B

(i) B1ft

Bl

Carrect shape, correct position and passing through (1, 0).

Graph must “start” to the rhs of the y - axis in quadrant 4 with a gradient that is large. The gradient
then decreases as it moves through (1, 0) into quadrant 1. There must not be an obvious maximum
point but condone “slips’. Condone the point marked (0,1) on the correct axis. See practice and

qualification for clarification. Do not with hold this mark if (xx=0) the asymptote is incorrect or not
given.

Correct shape including the cusp wholly contained in quadrant 1.

The shape to the rhs of the cusp should have a decreasing gradient and must not have an

obvious maximum.. The shape to the lhs of the cusp should not bend backwards past (1,0)

Tolerate a “linear’ looking section here but not one with incorrect curvature (See examples sheet (11)
number 3. For further clarification see practice and qualification items.

Follow through on an incorrect sketch in part (1) as long as it was above and below the x

axis.

The curve touches or crosses the x axis at (1, 0). Allow for the curve passing through a

point marked ‘17 on the x axis. Condone the point marked on the correct axis as (0, 1)

Bl

(iii)

Bl

Blft

Bl

Follow through on an incorrect intersection in part (1).

Award for the asympiote to the curve given/ marked as x = 0. Do not allow for 1t given/
marked as ‘the y axis’. There must be a graph for this mark to be awarded, and there must be an
asymptote on the graph at x = 0. Accept if x=0 is drawn separately to the y axis.

Correct shape.

The gradient should always be negative and becoming less steep. It must be approximately infinite at
the /h end and not have an obvious minimum. The lh end must not bend *forwards” to make a C shape.
The position 15 not important for this mark. See practice and qualification for clanfication.

The graph crosses (or touches) the x axis at (5, 0). Allow for the curve passing through a
point marked ‘5 on the x axis. Condone the point marked on the correct axis as (0, 3)

Follow through on an incorrect intersection in part (1). Allow for {(r’)+ 4,{]]

The asymptote 1s given/ marked as x = 4. There must be a graph for this to be awarded and

there must be an asymptote on the graph (in the correct place to the rhs of the ¥ axis).

It the graphs are not labelled as (1), (1) and {111) mark them in the order that they are given.




Examples of graphs in number 2

Part (i)
Condoned Not condoned Condone
i A 1 Y axis
* »  —
(0,1) 1 1
Part (ii)
L1111 0,1,1, I 0,1,0,
x=0 V =0 (/ x=0
' = | o =
1 | 1 | 1
Example of follow through in part (ii) and (iii)
(i) BO (ii) B1ftB1ftBO (iii) BOB1ftBO

VRN



Question

Number Scheme Marks
T(a) 0="f(x)=<10 Bl
(1)
fHoy=1i5), =3 B1,BI
b (0) = f(5),
(2)
4+ 3x
(©) y= . = y5-x)=4+3x
=5y-4=xy+3x M1
:}5_1=—4:I{J'+3}:>x:ij:l-{__: M1
1 S5x-—
(x)=
8 J+x Al
(3)
) gf(x)=16=f(x)=g'(16)=4 oe MIAI
fix)=d=x=6 Bl
f(x)=4=5-25x=4=x=040e MI1AL
(5)
(11 marks)
Alt 1 4+ 3 ax+b)
fix)=16> ————=16
to 7(d) ) =16== vp) MI
ax+bh=x-2 or 5-25x Al
=x=6 Bl
4+3|{5—2_Sx}_|6:}1= M1

5-(5-2.5x)

=x=04 e

Al (5)




Notes for Question 7

@

Bl Correct range. Allow 0<f(x)<10, 0<f=<10 |, 0=<p<10, O<range<I10 , [D,]D]
Allow f{x)=0and f(x)<10  but not f{x)=00r f(x)=I10
Do Not Allow 0<x<10. The inequality must include BOTH ends

(b)
Bl For correct one application of the function at x=0
Possible ways to score this mark are  f{0)=5, fi5) 0—>5— __
Bl: 3 (*3" can score both marks as long as no incorrect working 1s seen.)
(c)
M1 For an attempt to make x or a replaced y the subject of the formula. This can be scored for

putting v = gix), multiplying across, expanding and collecting x terms on one side of the
equation. Condone slips on the signs

dMI1  Take out a common factor of x (or a replaced y) and divide, to make x subject of formula. Only allow
one  sign error for this mark
5x-4 5x-4
Al Correct answer. No need to state the domain. Allow g™'(x) = al y= -
3+x I+x
Accept alternatives such as y= — and y=—23%
- 1+=
x
(d)
M1  Stating or implying that f(x) = g'] (16) . For example accept 45er{(? =l6=f(x)=..
-f(x
Al Stating f(x) =4 or implying that solutions are where f(x) =4
Bl x =6 and may be given if there 1s no working
M1 Full method to obtain other value from line y =5-2.5x
5-25x=4=x=__.
2 -
Alternatively this could be done by similar triangles. Look for §= % (oe)=x=..
Al 0.4 or 2/5
Alt 1 to (d)
M1 Writes gf(x) =16 with a linear f(x). The order of gfix) must be correct
Condone invisible brackets. Even accept if there 1s a modulus sign.
Al Uses f{x)=x-2 or f(x)=5-2.5xin the equation gf(x)=16
Bl x = 6 and may be given if there is no working
4+3(5-2.5
M1 Attempt at solving #253? =16 = x=_.... The bracketing must be correct and there must be
—-(5-2.5x

no more than one error in their calculation

2
Al x=04, g or equivalent
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9.
?Jﬁggp Scheme Marks
3 (a) ff-3)= f{0),=2 M1, Al
(2)
(b) ry y=r'(x)
Shape | BI
- » X (0,-3)and (2,0) | BI
20
_—1(0.-3) (2)
f'f,
(c) y
v=f{|x])-2
Shape | BI
(0,0) | Bl
> X
(0,0) @
{d} -lly
Shape | BI
(-6,0) or (0.4) | BI
(0,4)
/ _ (-6,0) and (0.4) | BI
6,07 " x
(3)
(9 marks)




(a)

(b)

(c)

(d)

M1

Al

Bl

Bl

Bl

Bl

Bl

Bl
Bl

A full method of finding f1{-3). f{0) is acceptable but f{-3)=0 1s not.

- - Lo . 2
Reluctantly accept a solution obtained from two substitutions into the equation y =Ex+ 2 as the

line passes through both points. Do not allow for y = In(x + 4) , which only passes through one of
the points.

Cao f{-3)=2. Writing down 2 on its own 1s enough for both marks provided no incorrect
working 1s seen.

For the correct shape. Award this mark for an increasing function in quadrants 3, 4 and 1 only.
Do not award if the curve bends back on itself or has a clear minimum

This 1s independent to the first mark and for the graph passing through (0.-3) and (2, 0)

Accept -3 and 2 marked on the correct axes.

Accept (-3,0) and (0,2) instead of (0.-3) and (2,0) as long as they are on the correct axes
Accept P'=(0,-3), Q"=(2,0) stated elsewhere as long as P’and ()" are marked in the correct place
on the graph

There must be a graph for this to be awarded

Award for a correct shape ‘roughly’ symmetrical about the y- axis. It must have a cusp and a
gradient that ‘decreases’ either side of the cusp. Do not award if the graph has a clear maximum
(0,0) lies on their graph. Accept the graph passing through the origin without seeing (0, 0)
marked

Shape. The position i1s not important. The gradient should be always positive but decreasing
There should not be a clear maximum point.

The graph passes through (0.4) or (-6,0). See part (b) for allowed variations

The graph passes through (0.4) and (-6,0). See part (b} for allowed variations
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10.

gﬂfns:gp Scheme Marks
4.(a)
Shape including cusp | Bl
(-1.5,0) and (0, 5) | Bl
(2)
(b)
Shape | Bl
(0,5) | Bl
(2)
()
Shape | Bl
(0,10) | B1
(-0.5.0) | Bl
(3)

(7 marks)




11.

(a)
Bl

Bl

(b)

BI

BI
(c)

BI

Bl

BI

Note that this appears as M1A1 on EPEN
Shape (inc cusp) with graph in just quadrants 1 and 2. Do not be overly concerned about relative
gradients, but the left hand section of the curve should not bend back beyond the cusp
This is independent, and for the curve touching the x-axis at (-1.5, 0) and crossing the y-axis at (0,5)
Note that this appears as M1A1 on EPEN
For a U shaped curve symmetrical about the y- axis
(0,5) lies on the curve
Note that this appears as M1B1B1 on EPEN
Correct shape- do not be overly concerned about relative gradients. Look for a similar shape to fix)
Curve crosses the y axis at (0, 10). The curve must appear in both quadrants 1 and 2
Curve crosses the x axis at (-0.5, 0). The curve must appear in quadrants 3 and 2.

In all parts accept the following for any co-ordinate. Using (0,3) as an example, accept both (3.0) or 3 written
on the y axis (as long as the curve passes through the point)

Special case with (a) and (b) completely correct but the wrong way around mark - SC(a) 0,1 SC(b) 0,1
Otherwise follow scheme

%L:Jenfggp Scheme Marks
6. (a) fix)=2 Bl
(H
(b) fg(x)=€e""+2,=x+2 M1 Al
(2)
(c) e +2=62e"" =4 MI1AL
= 2x+3=In4
:>x=]n4_3 or an—% MIAL
(4)
(d) Let y=e"+2= y-2=¢"=In(y-2)=x M1
f'(x)=In{x=2), x=>2. Al, BIft
(3)




(e)
Shape for f(x) | Bl
(0,3) |BI

Shape for f'(x) | Bl
(3,00 |BI

(4)

(14 marks)

(a) Bl  Range of fix)=2. Accept y=2, (2,0), =2, as well as ‘range is the set of numbers bigger than 2°
but don’t accept x=2

(b) M1  For applying the correct order of operations. Look fore™* +2 . Note that Ine” +2 is M0
Al Simplifies e"" +2tox+2. Just the answer is acceptable for both marks

(c)MI1 Starts with ¢ +2 = 6 and proceeds to ¢ =...

Al =4
M1 Takes In’s both sides, 2x+3=In.. and proceeds to x=....
Al x= lnz—:i oe.eg In2- % Remember to isw any incorrect working after a correct answer

(d) Note that this is marked M1A1Al1 on EPEN
M1  Starts with y=¢" +2 or x =¢" + 2 and attempts to change the subject.
All In work must be correct. The 2 must be dealt with first.
Eg. y=e"+2=>Iny=x+lh2=x=Iny—-In2 15 M0
Al f'(x)=In(x-2) or y=In(x-2) or y=In|x—2| There must be some form of bracket
Blft Either x=2, or follow through on their answer to part (a), provided that it wasn’t ye R
Do not accept y=2 or f1(x)=2.

(e) Bl  Shape for y=e". The graph should only lie in quadrants I and 2. It should start out with a gradient
that is approx. 0 above the x axis in quadrant 2 and increase in gradient as it moves into quadrant 1.
You should not see a minimum point on the graph.
Bl  (0.3) lies on the curve. Accept 3 written on the y axis as long as the point lies on the curve

Bl Shape for y=Inx. The graph should only lie in quadrants 4 and 1. It should start out with gradient
that is approx. infinite to the right of the y axis in quadrant 4 and decrease in gradient as it moves
into quadrant 1. You should not see a maximum point. Also with hold this mark if it intersects y=¢*
Bl (3, 0) lies on the curve. Accept 3 written on the x axis as long as the point lies on the curve



Condone lack of labels in this part

Examples

Scores 1,0,1,0.

Both shapes are fine. do not be concerned about asymptotes appearing at x=2,
y=2. (See notes)

Both co-ordinates are incorrect

Scores 0,1,1,1
Shape for y =e" is incorrect, there is a minimum point on the graph.

All other marks an be awarded
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12.

Question

Scheme Marks

(a)

Shape | Bl
x coordinates correct | Bl

y coordinates correct | Bl

(3)




13.

(b)

Shape | Bl
Max at (2,4) | Bl

Min at (-3,0) | BI

(3)

6 marks
(a)

Bl Shape unchanged. The positioning of the curve is not significant for this mark. The right hand section of the curve
does not have to cross x axis.

Bl The x- coordinates of P” and ()” are -5 and 0 respectively. This 1s for translating the curve 2 units left. The
minimum point Q" must be on the y axis. Accept if -5 is marked on the x axis for P* with " on the y axis

(marked -12).
Bl The y- coordinates of P and ()" are (0 and -12 respectively. This 1s for the stretch =3 parallel to the v axis. The
maximum P” must be on the x axis. Accept if -12 is marked on the y axis for Q" with P” on the x axis (marked -3)
(b)

Bl The curve below the x axis reflected in the x axis and the curve above the x axis is unchanged. Do not accept if the
curve is clearly rounded off with a zero gradient at the x axis but allow small curvature issues. Use the same
principles on the lhs- do not accept if this is a cusp.

Bl Both the x- and y- coordinates of ()7, (2,4) given correctly and associated with the maximum point in the first
quadrant. To gain this mark there must be a graph and 1t must only have one maximum.

Accept as 2 and 4 marked on the correct axes or in the script as long as there is no ambiguity.

Bl Both the x- and y- coordinates of P°, (-3,0) given correctly and associated with the minimum point in the second
quadrant. To gain this mark there must be a graph. Tolerate two cusps if this mark has been lost earlier in the
question. Accept (0, -3) marked on the correct axis.

Question Scheme Marks
No
7 (a) 2%t + Tx—4=(2x - 1)(x+4) Bl
(x+1) 1 3x+1)-(2x—1) M1
(2x —1)(x+4) - (x+4) (2x—=1)(x+4)
_ x+4 M1
(2x=1)(x+4)
! Al*

(4)




i
{b) y:2I_1:>y(2x-1]:1:>2xy—y:l
_ _l+y
2oy =l+y=x=—" MIMI
1+x Al
ORf~1(x) =
YOR () = —-
(3)
(c) x=0 BI
) ) (1)
.t 1 MI
(d) 2ln (x+1)=1 " 7
In(x+1)=4 Al
x=e*-1 MIAI
(4)
12 Marks
(a)
Bl Factorises the expression 2x? + 7x — 4 = (2x — 1)(x + 4). This may not be on line |
Ml Combines the two fractions to form a single fraction with a common denominator. Cubic denominators are fine for
this mark. Allow slips on the numerator but one must have been adapted. Allow ‘invisible’ brackets. Accept two
separate fractions with the same denominator. Amongst many possible options are
Correct 2X+1)-(2x-1) Invisible bracket X*1Zx1
(Zx=1)(x+4) (Zx=1)(x+4)
. A(x+1)(x+4) x4 Tx=4
Cubic and separate (2xZ+Tx-4)(x+4)  (2xE+Tx—-4)(x+4)
MI Simplifies the (now) single fraction to one with a linear numerator divided by a quadratic factorised denominator.

Any cubic denominator must have been fully factorised (check first and last terms) and cancelled with terms on a
fully factorised numerator {(check first and last terms).

Al*  Cso. This 1s a given solution and it must be fully correct. All bracketing/algebra must have been correct.

You can however accept going to——— without the need for ‘seeing’ the cancelling
-

(2x—-1)(x+4)
3{x+1)=2x=1 x4 _
(Zx=1){x+4) (2x-1)(x+4) 2Zx—-1

For example scores BI M1 M1 A0 Incorrect line leading to solution.

ocr)-(2x-1) et _ 1 oores BIMIMIAL

Whereas (Zx-1)(x+4)  (Zxe-1)(x+4) 2Zx-1



(b)

M1 This 1s awarded for an attempt to make x or a swapped v the subject of the formula. The minimum criteria
15 that they start by multiplying by (2x-1) and finish with x= or swapped v=. Allow “invisible” brackets.

M1 For applying the order of operations correctly. Allow maximum of one ‘slip”. Examples of this are
1

_ 1t 1y — g1 _ ¥ _ _
y= g 2 y2x=1)=1-2x-1=2-x="(allowslip onsign)
y= 211.1 =»y(@2x-1)=1-2Zxy-y=1-2xy= l:t}’—?x=1:—:{alluw slip on sign)
1 1 1 A .
Y= 0o - 2x—1 —;"21—;"’1—?I—§+1[allowsllpnn72}
1 1 1
Al Must be written in terms of x but can be y = % or equivalent incy=%,y=x 2+1,y=$+§

(c)
Bl Accept x>0, (0,0), domain is all values more than 0. Do not accept x= 0 , y>0, [0, o), f~1(x) >0

(d)

Ml Attempt to write down fg(x) and set it equal to 1/7.
The order must be correct but accept incorrect or lack of bracketing. Egﬁ; = %

Al Achicving correctly the line In(x + 1) = 4.  Acceptalso In(x + 1) =8

Ml Moving from In(x + A) =c A # 0to x = The In work must be correct
Altematively moving from In(x + 1) =¢ to x = -

Full solutions to calculate x leading from gf (x) = ; thatis In (le—_‘ + l) = ;can score this mark.

Al Correct answer only = e* — 1. Accepte® — e’
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14.

Question Scheme Marks
Number
3(a) A
V shape Bl
vertex on y axis &both
branches of graph cross x axis | Bl
> X
\/ ‘y" co-ordinate of R 1s -6 | Bl
(0.-6) (3)
(b)
A
(-4.3) / W shape Bl
2 vertices on the negative x axis. | Bldep
W in both quad 1 & quad 2.
x
R'=(-4.3) Bl
(3)

f Marks




15.

16.

4 (a) y=4—In(x+ 2)
In(x+2)=4-—vy
¥+2=e*Y
x=et ¥ -2 M1
fTHx)=e** =2 oe MIAI
(3)
(b)
x<4 Bl
(1)
(c) fg(x) =4—In(e* —2+2) Ml
dM1Al
fg(x) =4—x*
(3)
(d) fo(x) < 4 Blft
(1)
8 Marks
Jan 2011 Mathematics Advanced Paper 1: Pure Mathematics 3
Question Scheme Marks
Mumber
6.
R (v 8) = 3 Attempt to make x
= x—5) = 3-2
@2 x5 Hx=0) = Sl {or swapped v) the subject i
xp -5y =3-2x
= xp+2r =345y = x(y+2)=3+5y Collect x terms mge.lhEr ;nd M1
factorise.
3+ 35 el 3+ 5% 3+ 5x
= x= S Ex) = Al oe
v+ 2 x+2
(3)
(b) | Range of gis -9=g(x)=dor 9=y=4 Correct Range B1

(1)
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17.

(<)

Deduces that g(2)1s 0.

i ) M1
Seen or implied.
gg(2)=g(0) =-6, from sketch. -6 Al
(2)
) | fz® =f(4) Correct order g followed by f M1
3-42 -5
"4 —{5 - o732 5 Al
(2)
%"l'ﬁg:: Scheme Marks
(e)(i)
}-“ Correct shape
B1
2
/ Graph goes through ({0}, 2)and 8
> - 1
/ﬁ g [—6, 10 }w hich are marked.
(4)
f Domain of o is -9<x <4 Either correct answer or a follow B «f_
(0 g B == through from part (b) answer 1
(1)
[13]




Question

Number Scheme Marks
4, (a) 4
(0. 5)
M1A1
o (20 *
(2)
(b) | x=20 B1
x-5=—(15+x): = x=-2 M1:A1 oe.
(3)
(©) | fg(2)=£(-3) = [2(-3) - §]: = |-11| = 11 M1;A1
(2)
(d)| g(x)=x"-4x+1=(x-2)" —4+1=(x-2)" —3. Hence g__ =-3 M1
Either g, =-3 or g(x) =2 -3 B1
org(5)=25-20+1=6
“I<gx)<6 or -3Sy<6 Al
(3)
[10]

{a) M1: Vor \/ or \/ graph with vertex on the x-axis.

Al: (£.10})and ({0}, 5)seen and the graph appears in both the first and second
1 I

quadrants.
(b) MIL: Either 2x—5=—(15+4x) or —(2x-5)=15+x

(c) MI1: Full method of inserting g(2) into f(x) = |2x - SI or for inserting x =2
into | Ax" —dx+1) -5 | There must be evidence of the modulus being applied.

(d) M1: Full method to establish the minimum of g. Eg: (_t t rz): + /7 leading to

2., = F. Or for candidate to differentiate the quadratic, set the result equal to zero,

find x and insert this value of x back into f(x) in order to find the minimum.

Bl: For either finding the correct minimum value of g
(can be implied by g(x) = -3 or g(x) = — 3 ) or for stating that g(5) =06.

Al “3=pg(x)€bor-3<y<b6or-3<g<6. Notethat: -3 < x < 6 15 Al

Note that: -3 < f(x) < 6 is A(. Note that: -3 = g(x) = 6 is AD.
Note that: g(x) = -3 or g(x) > -3 or x = -3 or x > — 3 with no working gains

MIB1AQO.
Note that for the final Accuracy Mark:
If a candidate wnites down -3 < g(x) < 6 or -3 < y < 6, then award MIB1AQ.

If, however, a candidate writes down g(x) = -3, gix) < 6. then award AQ.
If a candidate wnites down gix) = -3 or g(x) < 6, then award AD.




18.

Question Scheme Marks
Number
6. (a) (i) {3,4} B1 B1
(ii) | (6, -8) B1 B1
(4)
l:b) }IJL
5
B1 B1 B1
0 i
(-3.-4) (3.-4)
(3)
€)| flx)=(x-3Y -4 or f(x)=x" —6x+5 M1A1
(2)
{(d) | Either: The function fis a many-one {mapping}. B1
Or: The function { is not a one-one {mapping}.
(1)
[10]

(b) Bl: Correct shape for x Z 0, with the curve meeting the positive y-axis and the

turning point is found below the x-axis. (providing candidate does not copy the whole
of the original curve and adds nothing else to their sketch.).
Bl: Curve 1s symmetrical about the y-axis or correct shape of curve for x < 0.

Note: The first two B1B1 can only be awarded if the curve has the correct shape, with a cusp
on the positive y-axis and with both turning points located in the correct quadrants. Otherwise
award B1B0.

Bl: Correct turning points of (-3, —4)and(3, —4). Also,({0}, 5) is marked where
the graph cuts through the yv-axis. Allow (5, 0) rather than (0, 5) if marked in the
“correct” place on the y-axis.

(c) M1: Either states f(x) inthe form (x @) + §: a.f=0

Or uses a complete method on f(x) = x* + ax + b, with £(0) = 5 and £(3) = — 4 to find
both a and b.

Al: Either(x —3) —4 or x” —6x + 5

(d) Bl: Or: The inverse 1s a one-many {mapping and not a function}.

Or: Because f(0) =5 and also f(6) = 3.

Or: One y-coordinate has 2 corresponding x-coordinates {and therefore cannot have
an inverse}.
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19.
Question Scheme Marks
Number
Qs y= ]nl.tl
vt Right-hand branch in quadrants 4 and . | g,
Correct shape.
Left-hand branch in quadrants 2 and 3. B1
5 Correct shape.
(-L.o)\ 9 /0) x
Completely correct sketch and both
B1
(~1.{0}) and (1.{0})
(3)
[3]
20.
Quastion Scheme Marks
Number
Q6 (i) | y=1f(-x)+1
Y Shape of
A'(-2,4)
and must have a maximum in quadrant 2 and B1
a minimum in quadrant | or on the positive
y-axis.
Either ({0},2) or 4'(-2,4) |B1
Both [{0}2] and A'(-2,4) | B1
/ x
(3)

(il) | y=f(x+2)+3 .

4((0}.6)
Any translation B1
of the original curve.

The translated maximum has

either x-coordinate of 0 (can be implied) | B1
or y-coordinate of 6.

The translated curve has maximum

(10}, 6) and is in the correct position on the | B1

Cartesian axes.

0 X

(3)




21.

(i) | v =2f(2%) \/\
Shape of
with a minimum in quadrant 2 and a B1
maximum in quadrant 1.
Either ({0}, 2} or A'(1,6) | B1
Both ({0},2) and 4'(1,6) | B1
[9]
?‘l:ler:xp Scheme Marks
Q9 (i)(a) | In(3x-7)=5
Wie-T S Takes e of both sides of the equation. M
¢ =€ This can be implied by 3x — 7 = e’.
5 o7 Then rearranges to make x the subject. | dM1
e P
Ix-7=¢ x= =51.804...] :
* € = { s Exact answer of = ;?. Al
(3)
l:b:l 3‘:&-.'1'-::'5
In (T e’ :I =Inl5 Takes In (or logs) of hoth sides of the equation. | M1
In3 +Ine™* =Inl5 Applies the addition law of logarithms. | M1
xInd+7x+2 =Inl5 xIn3i+ Tx+2 =Inl5 | A1 oe
_ Factorising out at least two x terms on one side
Mn3+7) =-2+Inl3 and collecting number terms on the other side. ddMd
-2+ Inl5 -2+ 1Inl5
x=——— |=0.0874... Exact answer of ——— | A1 oe
74 1n3 ‘ } T+41n3

(5)




(i) (a)

(b)

flx)=e" +3,xel
y=e"+3= y-3=¢"
= In(y-3)=2x
=Liln(y-3)=x

Hence f'(x)=L1In(x-3)

f7'(x): Domain: x>3 or (3, )

gixj=lnix-1),xell, x>1
fa(x) =™ 43 [=(x-1)"+3]

fo(x): Range: y=3 or (3, )

Attempt to make x
(or swapped y) the subject

Makes e™* the subject and
takes In of both sides

Lln(x-3) or In\f(x-3)

or f! (¥)= %hﬂ:y -3) (SEE appendi?’-)

Either x =3 or (3, =) or Domain = 3.

An attempt to put function g into function f.

2lni x-1)

e +30r(x—|]3+3 or x* —2x+4.

Either v =3 or (3, %) or Range = 3 or fg{x) = 3.

M1

ATl isw

B1
(3)

[15]




