Vectors — Mark Scheme
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1.

Question

Number Scheme

Notes

Marks

6. l:ir=

j

lies on

Let @
h

e be the

\

4 -1 5 3
28B(+A4|-5|, L:ir=|3|+un UJ:a_

acute angle
between [, and [,

@ | y=r=)28-51=3[=2=5

r 4-A=5+3u and 4+ A=1-du = pu=-

E-54=3 or
4-A=5+3uand 4+ Ai=1-4u
or A =35 or gg=-2 (Can be implied).

Bl

4y (-1 5) 3
{OX:} 281+5|-5| or |3
4 ! |1 -4

Puts /| =, and solves to find 4 and/or

and substitutes their value for 4 into

or their value for g into [

Ml

So, X(—1,3,9)

(-1

(-1
3,9 or | 3} or —i+ 3j+ 9k orcondone 3
9

L9) 9

Al cao

13

-1y (3
~5le| 0

Way 1 |

Realisation that the dot product
is required between d, and d,
or a multiple of d, and d,

Ml

[+

i
hik

cosfd =

dependent on the
1* M mark. Applies
dot product formula

between d, and d, ora

-J(—lf +(=5)7 +(17° _J[}.}‘ +(0) +(-4)

- =

multiple of d, and d,

dm1

|6=105.6303588...

Pl O, =7436964117...

=74.37 (2dp) awrt 74.37 seen in (b) only

Al

[3]

—1 2
18 |=
9 i}

(c)

-3

=15 |or 4

A=22"

v, b ax=3a). (4] =27

-
2

AX = (=37 + (=157 + (3) or 3327 {z Jﬁ} —943

Full methed for finding 4X or X4

M1

S‘\E seen in (¢) only

Al cao

Note: You cannot recover work for part (c) in either part (d) or part (e).

12]

= tan("74.36964...") thei

¥4
|19J3r|

Way 1

m_ =tanfl or YA = (lhcir lﬁ“mnﬂ. where & is
r |,4J(" .

their acute or obtuse angle between [, and [,

MI

Y4 =5571758.. =55.7 (1 dp)

anything that rounds to 55.7

Al

2]




(e) ‘4, .. X, c =>S0 AX =24B =Soat B, A=350r A :0.5!}
Way 1 3 ( ) 3 : ” i
. 4 -1 0.5 Substitutes either 4 — (their 4, found in (a))+ 2
OB=| 28 [+3.5) =5 [i=| 105 2 M1
5 their A found 1
i J I ] 1.3 ] or 4, =3- (their 4, found in (a)) into /,
. . 4 ~
4 -1 35 | At least one position vector is correct.
— _ - S| Al
OF=| 28 |+0.5] =5 |:=| 25.3 {Also allow coordinates).
4 I 4.5 Both position vectors are correct. Al
{Also allow coordinates).
131
13
Question Scheme Notes Marks
MNumber
6. (¢) {A,r =2AB= AB=1AX. S0,0B=0A+ AB= OB =04 i%ﬂ}
Way 2 f 2 b - 3 i 0.5 - . — — —
—_ Applies either O4+0.54X or 04-0.54X
OB=| 18 |+0.5] —15 |:=| 10.5 . — —q | ML
6 - where (their AX )= i[l[ their OX)— OA]
3 7.5
2 _3 15 At least one position vector is correct Al
— o {Also allow coordinates)
OB=| 18 |-05] —-15 [i=| 255 »
6 R 45 Both position vectors are correct Al
! l - (Also allow coordinates)
[3]
{ r’ { y
4—Aa 2 -4 [{2-4) -3 i X
\ﬁ;fa AB=| 28-54 |-| 18 |=| 10-54 |=| s@-4) | Ax=| -1 AX"=23P
. 444 6 | | -2+2 “12=4) 3 AR =27(2-AY
LY | A
2 ] . a9 ] ! 189
AX =248 P AX" =448 P 243=4(2T)2-4y P (2-4) = 2 or 2747 — 1084 + i 0
or 10847 — 4324 +189=00r 44° -164+7=0P A=350r1=05
4 j _1 o 0.5 3 Full method of solving for A the equation
OB=| 28 |+35] -5 |:=| 105 AX = 44B" using (their AX) and AB |\,
4 | 75 and substitutes at least one of their values ’
J Y, for 2 into ]
4 ) -1 3.5 At least one position vector is correct
— : ) . Al
oB=| 2% |+05| -5 |:=| 255 (Also allow coordinates)
4 | ' 45 Both position vectors are correct Al
" (Also allow coordinates)
Note: AX = 2AB = AX = £24B. Hence, A =3.50r A=0.5 can be found from solving either 131

x:=-3=x2(2-A)or y: =15=22(10-54)or z: =3=£2(-2+ A)




6. (e)

Way 4 -1 3 0.5 Applies either (their ox }+{].SE
' OB = +05) 15 |:=| 105 or (their OX)+1.5X4 | MIL;
7.5 —_ = —
9 =3 )L where (their X4)= OA — (their OX)
1 30 35 | At least one position vector is correct Al
— i (Also allow coordinates)
OB = +1.5 15 255 Botl ” : X
oth position vectors are correc
f‘
\ 9 -3 J 4.3 (Also allow coordinates) Al
[3]
6. (e) VoS {
Ways | __ -1 0.5 | L
0B=053| 3 |+ 18 [:=| 105 Applics — (their OX)+04 | | MI;
g 6 1.5 2
IV
3 _3 15 At least one position vector is correct Al
— ’ . {Also allow coordinates)
OF=| 18 |-0.5] —15 |;=| 255 .
: Both position vectors are correct Al
6 3 4.5 (Also allow coordinates)
13]
Question Scheme Notes Marks
Number
& | [ax]=93.]d|=3V3 = K = N3 T =30 s, OB = 04+ LAY = 04 + L (3d ;L
Way 6 ' 343 1 : LA |
5 - 0.5 Apphcs either
— I+ 0.5 K 4—0.5( K
OB=| 18 |+05|3| -5 10.5 04+0.5(Kd,) or 04-0.5(Kd,), ML
6 1 7.5 their | A.J(| ’
where K = ————
W3
. 2 -1 3.5 At least one position vector is correct Al
0= 18 |[—0.5]|3 -5 25.5 {Also allow coordinates)
6 I 4.5 Both position vectors are correct | , |
(Also allow coordinates)
[3]
(Question 6 Notes
6. (a) Note | MI can be implied by at least two correct follow through coordinates from their A or from their g
(b) Note | Evaluating the dot product (i.e. (—1)(3) + (=5)¥0) + (1)(—4)) is not required
for the M1, dM1 marks.
Note | For M1 dMI: Allow one slip in writing down their direction vectors, d, and d,
Note | Allow M1 dM1 for
(V[ 3)
(Jl—1f+(—5f+uf NEETS +{—4}:]cos!‘?= | =5 | o
. 1)L -4
Note @ =1.297995...", (without evidence of awrt 74.37) 1s AD




6.(b) | Alternative Method: Vector Cross Product
Way 2 | Only apply this scheme if it is clear that a vector cross product method is being applied.
[ Vol 3 . | Realisation that the vector
Fre1 3 i j k i . .
| ) o | cross product is required
d xd,=| -5 | |0 | =4l -1 -5 1 |=20i-j+15k} betweend, and d, | M!
L4 J 30 -4 or a multiple of d, and d,
J e B " Applies the vector product
sin { = (20 +(-1) +(15) formula betweend, and d, | gn)
\1'[—”' +(=5)"+(1)y -Vr'::‘j_ +(0) +(=4) or a multiple of d, and d,
. V626 .
sinfl = ——=——7= P @=7436964117... =74.37 (2 dp) awrt 74.37 seen in (b) only | Al
V27425
[3]
6. (c) M1 | Finds the difference between their ()X and ()4 and applies Pythagoras to the result to find AX or X4
OR applies (lheir A, found in {a}}_ 2‘,,,‘[_”14_[_5]:“1}:
Note | For M1: Allow one slip in writing down their a’ and (74
f 3 3
Nofe | Allow MIAL for { s | leading to AX = J(3)" + (15)° + (3)" =243 =943
3 A
(e) Note | Imply M1 for no working leading to any two components of one of the OB which are correct.
Question Scheme Notes Marks
Number
6. (d) their |H‘ their |.4.‘1’I
. "O43" " " =tan(90 —Gyor AY = ————
Way 2 = tan(90 — "74.36964...") - ) @n90—0)" | Ml
where # is the acute or obtuse angle between [ and [,
¥4 =5571758..=55.7 (1 dp) anything that rounds to 55.7 | Al
[2]
; their H|
6. (d) ¥4 _ "94f3" __M = —20_g) *¢ where 8 isthe | ypy
Way3 | §in("74.36964..")  sin(90 — "74.36964..") sin6 - sin(90—6)

acute or obtuse angle between [ and [,

¥4 =

G+ 3sin(74.36964...)

- = 55.71758...=55.7(1dp) anything that rounds to 55.7 | Al
sin{15.63036...)

[2]




2.

- (-1 5 5434 |
N o — i X
Way 4 d—‘ 5 oY= 3 [+pu| 0 |=] 3
1 1 -4 | —4u
2 | [ s5+3u —3-3u
A= 18 |- 3 = 13
6| 1—-4p S+4u
-3-3u -1 ) (Allow a sign slip in copying d)
YAded, =0 = 15 |o| =5 [=0
S+4u 1 = — Ml
; Applies ¥Aed =0 or AYed =10
o 67 - —
P 3+3u-T75+5+4u=0 P y:JT or YAe (Kd ) =0 or AYe(Kd)=0
to find g and applies Pythagoras to find a
[ ( (ﬁ"\' i \I: numerical expression for AY” or for the
=[\_J_ JJ +[|'i] +15+J'[T ] distance AT
222) e (303)
So, ¥4 = (——J +(15) +f J]
L. ? ) A% ? 4
=55.71758...=55.7 (1dp) anything that rounds to 55.7 | Al
— 3 222 3 2
Note: n}——6]+1j—£k Ay=-= |+lq!~ik 12l
7 7 7
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Question Scheme Notes Marks
MNumber
i 3‘1 _5‘1 _— . f I A
8. Lir=| 1|+p| 4| goa=| 4| OAoccurswhen u=1. gp_| ;5
\—3) \ 3) 1) 2 |
(a) A(3,5,0) | (3.5.0) | B1
I1]
| N a+Ad or a+pud.a+rfd.a=0,d=0
E 2 witheither a =i+ 5j+ 2k ord =-5i+4j+ 3k, | MI
(b) ihejr=|5+4 4 or a multiple of —5i + 4j + 3k
2 3]
s ’ Correct vector equation usingf = or [ = or ir: = | Al
d, is the direction vector of / Do not allow |": lor !z —¥ or !’I = for the Al mark. 12]
R 3 -2
(c) AP=0F -d=] 5 |- ‘ i= 0

]

(3]

",

AP = (=27 +(0F + (2 =8 =22

Full method for finding AP | M1

22 | Al

2]




Realisation that the dot product 1s

-2 ¢ \ (—2% (-5
_ = =51 | ~ i e . AP or PA
d) |SeaP=| o |and ; _ ‘ a || ”1‘ 4} required between (4P or PA) | \yy
L) L3 V23 and TKd, or £Kd,
) W dependent on the
o =3 previous M mark.
t o (e 4 Applies dot product formula
{ } AP ed, 2 3 between their [:E? ar ﬁ'} and | M1
cosf =] —— = - - —7 —— - '
[P|Ja] Y2y v+ 20 Y=y vy s or +Kd, or +Kd,
y E(10+0+6) 4 4 8 16
{Cﬂsﬂ:- == == fcosd| = —or 0.8 or — or — | Al cso
o sso s 1= =3 0% 20
3]
y 1 , 1 3. | . 3
(e) {Arcﬂ .'!PE=; ;{lht‘ll’ Eﬁl'smﬂ ;[lhﬂr EwE}' smnf or E{ their Z'HG‘J' sini their #) | M1
=24 24 urgurz—i" or awrt 2,40 | Al
D
_ 21
§i] PE =(-54)i + (44)j+ (34)k and PE = their 242 from part (c)
[PE* =) (=54) + (42 + (34)° = (their 22)’ This mark can be implied. | M1
.1 a_ 4 _ 1, 2 .. 2 2
=50 =82 i'=—=! i=%£= Eitherd == ord= —-= |,
{ 75 [ 3 ither 5 or 5 Al
|" 1 \l 1|' 5 dependent on the previous M mark
Lir= |52 4 Substitutes at least one | gl
-y 3 of their values of Aintol,.
1 . X _1 At least one set of coordinates are Al
— 17 3 — 13 - correct. |
I ] - a3
{OE}=| = |eor| 34 [ [OF}=| = |or| 66
} 0% ; 32
; % ) ' Both sets of coordinates are correct. | Al
5 ) |3
5]
15
Question 8 Notes
3 3
8. (a) Bl Allow A4{3,5.0) or 3i +5j or 3i +5j+ 0k or | 5 | or benefit of the doubt 5
0 0
(b) Al Correct vector equation using™ = or [ =  or .|'|: =or Line2=
17 f—5 |'{ 1 '\II =57
Le. Writing r = | 5 |+ 4| 4| or r:{ 5 J +Ad, where dis a muluple of | 4 1.
[ | |
2) L 3) 2 L3)
Note | Allow the use of parameters £¢ or ¢ instead of A |
() M1 Finds the diffcrence between P and their (.4 and applies Pythagoras to the result to find AP
( ) )
Note | Allow M1ALfor | o | leading to 4P =4J(2)" + (0) + (2) =8 =242.

b




(d) Note For both the M1 and dM1 marks 47 {or P.4) must be the veetor used in part {¢) or the difference
(7 and their ¢24 from part (a).
Note | Applying the dot product formula correctly without ¢os# as the subject is fine for M1dM1
Note Evaluating the dot product (L.e. (=2)(=5) + (0)4) + (2)3)) 15 not required for M1 and dM1 marks.
Note | In part (d) allow one slip in writing 4/ and dz
~10+0-6 4
Note cos i = = —— followed by cos & = i_ 15 fine for Al cso
;3.;5{] 3 5
f—2% 1 _jal
) 0 [« # |
Note 2 | 6 |
Give M1dM1Al for o _ L =) L J_20+12 4
' ' Ve aod2 R
Note | Allow final Al (ignore subscquent working) for cosé = 0.8 followed by 36.869...
Alternative Method: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.
Realisation that the vector
—2 —5 i j Kk cross product 15 required
— between thei
aPxd =] 0 |x| 4 | =1 -2 0 2|=-si—4j—sk R T M
: (4P or m) and
2 -5 4 3 \
tKd, or £Kd,
; S 7 Applies the vector product
sinfl = J{_R} H-4) +(-8) formula between their dM1
N2+ (00 + (27 (=5) + (4 + 037 (4P or P) and £Kd, or £Kd,
12 3 +
sin & = =— = cosfl=— c:uss.";l"=iurl.’]'.fiuriurE Al
BAS0 2 l 3 10 20
. 1 1. 1 ), .
(e) Note | Allow M1:Al for ;{245)- sin(36.869..°) or E(zﬁ}- sin(180° — 36.869..°); = awrt 2.40
Note | Candidates must use their # from part (d) or apply a correct method of finding
their sind = 3 from their cosé = 4
5 5
Duestion 8 Notes Continued
2 =
8.0 Note Allow the first M1A1 for deducing 4 =% or i= —? from no incorrect working
s5C Allow special case 1™ M1 for 4 = 2.5 from comparing lengths or from no working
Note | Give 1" M1 for yf(—54)° + (44)" + (34)" = (their 242)
Note Give 1 MO for (~54)° +(44)" +(32)° = (their 292) or cquivalent
- : . 1.3
Note Give 1M1 for 7 = their AP I'JE and 1" Al for 4= £
(=5) + (4Y + (3F s\2
E _s % i s
MNote S0 l&. _*_H:'E-I -31 =:i. "m.'mr'_g -: is M1AI
MNote The 2 dM1 in part (f) can be implied for at least 2 (out of 6) correct x, v, = ordinates from their
values of A,
Nole Chiving ther “coordinates™ as a column vector or posiion vector 15 fine for the final A1AL.




CAREFUL | Putting |, cqual to A gives
¢ i 7 g f _z |
| ] [ -5 I 3 | A= Give MO dMO for finding and
4+ 4 = 3 = 2
{ 5 Ao 3| =] 4=0 using 4 = — from this incorrect method.
'. 3 '; “ J ‘J = —-\T ] 5
Y ! J
CAREFUL | Putting Ad, = AP gives
f A f ! i 2
-s! 2 i A=-3 Give M0 dM0 for finding and
al _ | _ b ]
Al 4 | = ‘ 01— 4=0 using A = —= from this incorrect method.
L 3) [ -2) | a=-2] 5
General You can follow through the part (c) answer of their AP = :"-\E
for (d) MIdMI, () M1, () MI1dMI
General You can follow through their a_ in part (b) for (d) M1dM1, (f) M1dM1.
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3.

Question Scheme Marks
Number
5 0 8 3
4, lir=|=-3|+4| 1|, L:r=| 3|+ u| 4| Let# =acuteangle between /| and [,.
P -3 -2 -5
Note: You can mark parts (a) and (b) together. ...
I] = il - -
(@) th=h =iy 5=8+3u = p=-1 Finds gand substitutes their ginto §, | M1
8 3 5 s
5”={“"}= S 4=l Si+j+3k or [ 1] or (5.1.3) | Al
—2 -5 3 3
__________________________________________________________________________ B S
fi. _ | _ B N “quates j components, substitutes
(b) s —3+2=5+4p =) I+ A=5+4(-)=1=4 their g and solves to give 4 = . MI
k: p-3i=-2-5u= Equates k components, substitutes their 4 and their |
p—Hd)=-2-5-1) = p=15 g and solves to give p = ... .ar
e equates k components to give | M1
. their " p— 34 =the k value of 4 found in part (a)",
or k: p-34=3> substitutes their 4 and solves to give p=...
p-d)=3mp=ls e e ST ATT
. S )




0 3 [ 0) 3) RLdlleilul‘L 1h.jl 11‘IL dul pmduLl 1s
ic) d,=| 1[.d,=| 4] =] 1|=| 4 required between | M1
-3 -5 N I *+ 4d, and +8d,.
"""""""" [ amadvareraws ) Anattemptioapply thedot [ T
cos @ =+ K - U{:’r]+{]}{:1}+ { ‘3;‘{ 5}\ J product formula between + Ad, :;ihr:’“
2 2 . 2 .y 2 _q 2 4 -u.l:l
WO + (1) +(=3) JOF +@F +(=5) and 2B, | T
cos i = -J_J_ = #=31.8203116..=31.82 (2 dp) anything that rounds to 31.82 | Al
11 11 5 6 3 6
@ |oB=| 9 | aB=| 9 |=| 1 |=| 8 |oraB=2] 4 |=| 8 i
See | i
-7 -7 3 —10 -5 -10 notes
|48 =6 +8 + (- 10y’ {—m 2}
T "7 Wirites down a correct trigonometric equation invelving |
——=snf . , d . dM1
the shortest distance, d. Eg: =sin# , oc.
]nﬁ ¢ shortest distance g g =sind,oc
ld m-J_hmu 82.. ::»]a’ ?4%54:}?53 = ?46{35“ anything that rounds t0 7.46 | Al
13]
11
4. (b) Alternative method for part (b)
Ixjr —9+34=15+12u p=9=13+7p Eliminates A mlwrillc down an Mi
k: p-3i=—-2+5u equation i p and g
Substitutes their g and solves to give M
p=9=13+7(-1) = p=15 P=..
p=15 1] Al
4.(d) |Alternative Methods for part {(d) Let X be the foot of the perpendicular from B onto /,
0 5 | 0 5
do=| 1. ox=| =3 |+4] 1 |=| -3+2
-3 15 | -3 15-34
5 11 —6
BX=| =3+4 || 9 |=| —12+A
15-34 -7 22-34

Method 1

_6 0 {Allow a sign slip in

- zopying d )
BXed =0 = | —12+4 |of 1 |=—1244-66+91=0 __comimg @,
' 2 _13 _3 Applies BX ed, =0 and

solves the resulting | M1

leading to 104 —78 =0 = A = 39 equation o l'lr:id
5 a value for 4.




6 6 Substitutes their value of
19 . A into their BX .
BY = | -—12+2= |=| -=— _ | aMi
5 5 Note: This mark is
‘39 7 dependent upon the
21 _3L? 5 previous M1 mark .
2 21 3 7 ’ 1t 7.46
d=BX = (~6)" +| - | +( -] =7456540753.. awrt 746 | Al
w3 J
Method 2
Let f=|BX| = 36+ 144 242+ 47 + 484~ 1324+ 94" Finds 8 =[BX] in terms of 7,
= 104" —1564 + 664 ﬁﬂds% and sets this result | M1
. dg . .39 A
S0 i WA-156=0=4= 3 equal to 0 and finds a value for
A
— y: Substitutes their value of A into their | BX|
—]i.':lE —|5l.‘rE +ﬁﬁ4—ﬁ o . dM1
5 J 5 Note: This mark 1s dependent upon the
el previous M mark |
278 : :
d=8BY= T = 7.450540753... awrt 7.46 | A1

(Question 4 Notes

4. (a)

(b)

(c)

M1 Finds g and substitutes their ginto [,
5
Al Point of intersection of 3i +j+ 3k . Allow | 1| or (5.1,3).
|3
. Note | You cannot recover the answer for part (a) in part (¢) or part gd_} e
Ml Lquaits_] components, substitutes their 7, and solves to give A =
Ml Equates k components, substitutes their A and their g and solves to gi\-‘t: P=.
or equates k components to give their " p—34 =the k value of 4™ found in part (b).
WAL e e
NOTE | Part (c) appeaﬁ as MIAIAL on ePEN, _but now is marked as MIMIAL
M1 Realisation that the dot product is required between +4d and *8d, .
Note | Allow one slip in candidates copying down their direction vectors, d, and d,.
dM1 | dependent on the FIRST method mark being awarded.
An attempt to apply the dot product formula between +.4d and £5d, .
Al anything that rounds to 31.82. This can also be achieved by 180 — 148.1796... = awrt 31.82
Note | #=0.5553.." is AD.
( 16— |
MNote MI1AL for cos @ =L = = 0 }ﬁ 60 = - =|= 76
JO) + (@) + (127 3y +(—ay +5*) V160450




Alternative Method: Vector Cross Product
Only apply this scheme if it is clear that a candidate is applying a vector cross product method.
{ .
( 0 I 3 ) ij ok Realisation that the vector
d =d, = 1 |=x|] 4 | = 01 -3|=7i-9-3k cross product is required M1
_3 t _5 3 4 -5 between +.4d, and +8d, .
A
. _ ol 7Y +(=9)" +(3) An attempt to apply the dM1
sin = (Al un
J{{}]:+{1]:+{_3}2 -\!{3}2 +(4) +(-5) vector cross product formula | ey
sin & = j_ﬂl% = #=31.8203116..=31.82(2 dp) anything that rounds to 31.82 | Al
10
(d) M1 | Full method for finding 8 and for finding the magnitude of AB or the magnitude of BA.
dMT | dependent on the first method mark being awarded.
Writes down correct trigonometric equation involving the shortest distance, d.
Eg: - =sinf? or . = ¢cos(90— &), o.c., where * their 487 15 a value.
their A8 their 48
and & ="their " or stated as &
AT | anything that rounds to 7.46
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4.
Question Scheme Marks
Number
8. Od=-2i+4j+7Tk ., OB=—i+3j+8k & OP=0i+2j+3k
(a) | AB == +((-i+3j+8k)—(-2i + 4j+ TK)): = i —j+ k MI; Al
12]
(-2 1 (-1) (1
{b) {!,:r}:; 4|+4|-1| or {r}:; 3| +4| -1 Blft
L7) L8 L1
1]
-1y (0) (-1 (1
(c) PB=0B-0P=| 3 —;2:; 1 or_P=;—l Ml
\ 3} s \-3

Applies dot product
formula between

—H\
|
_—
L
_—

|
n = =

foos 0=} A__B .@ _ L1 their (._-iB ori-!] M1
|AB|. PH| NP+ (17 £ (1P Af-1F + (1) +(5) and their (PB or BP).

I R _

jcos 8} = Nel izl 93 Correct proof | Al cso

13]




p+Ad or p+ ud, p=0,d=0with

(d) 0 either p=0i + 2j+ 3k or d = their AB,ora | Ml
hor=| 2] +p -1 . L s
3 : multiple of their A5 .
h Correct vector equation. | Al fi
- - 12]
oy (1 1 (0 1 Either OF + their 4R M
OC=|2|+|-1|=|1| or OD=|2|-|-1|: or OP - their AB
(e) i
\3 1 4 L |1 At least one set of coardm:?ri::‘e Al fi
i _ 1 ’
1!’"(] -1, 4]’ D{ 1.3, 2)5 Both sets of coordinates are correct. | Al fi
131
f f , .
(f) =sind —==sinf |\
Way 1 ,J[—I]3+[l)-' +(5) their ‘PB|
NG V27 sin(70.5...) or Jz?.ﬁ
h=+/275in(70.5..) { = sfﬁ?: 26 = awrt 4.9 3 | Al oe
or ZJEDL‘ awrt 4.9 or equivalent
1 1 . . .
Area ABC’D:E ZJf_m[ﬁ+ 2«5} E(thmr fr}(theu AB + their CD] dM1
|
{=;2JE[3JE}=3JE}=9JE 942 | Al cao
14]
15
8. (f) Helpful Diagram!

Area A APB = 4.2426...

DA = PB =

so BC 1L AR

Candidates do not need to
prove this result for part (f)




. Attempts PA| or [CB| | M1
‘:;- {f}z h= ‘(‘BI - (_2}3 + [2]3 + (4)" = :.fz_ = Z'JE =4 8989... — ‘_| | |
ay |Pd| = |CB| =24 | Al oe
Area ABCD =%Jﬂ[\.ﬁ+ 23) or %Jz_aﬁ +42443 Lh(their 4B+ their D) | dM1 oe
= 9-\,‘3 E'JE Al cso
[4]
Way3 Finds the area of either triangle APE or APD or BCP and triples the result.
8.(f) | Area AAPB = % -.E[zﬁ]sina Atlempls% (their AB)(their PB)sind | M1
1 .
=2 J3(343)sin(705...) 2 V3 (3B)sinr0.5. ) 0r 32 |
2 or awrt 4.24 or equivalent
Area ABCD =3 (342) 3 x Area of AAPB | dMI
=92 9.2 | Al eso
[4]
Question 8 Notes
8.(a) | M1 | Finding the difference (either way) between OB and OA .
If no *subtraction” seen, you can award M1 for 2 out of 3 correct components of the difference.
1 1
Al i—j+kor |[-1]|or (I,—1.1) or benefit of the doubt -1
1 1
-2 1 -1 1
(b) Bift | {rj=| 4|+4/-1| or |rj=]| 3/ +i|-1|, with AB or BA correctly followed through from (a).
7 1 8 !
Note | r=is not needed.
ic) M1 | An attempt to find either the vector PB or BP.
If no “subtraction™ seen, you can award M1 for 2 out of 3 correct components of the difference.
M1 | Applies dot product formula between their [ﬁ or ﬁ] and their (P_B or ﬁ‘}
Al | Obtains {casﬂ} =% by correct solution only.
N . ABePB : :
Note | If candidate starts by applying ———=+ correctly (without reference to cos@ = ...)
48 |[pB|
they can gain both 2™ M1 and Al mark.
Note | Award the final Al mark if candidate achieves {cosé‘} :% by either taking the dot product between
1 -1 -1 1
(1| =lland | 1| or (u) I|and | =1 |. Ignore if any of these vectors are labelled incorrectly.
1 5 -1 =3




Note

Award final A0, cso for those candidates who take the dot product between
1 1 -1 -1

() | -1 jand | -1 | or (1v) || and |
1 -5 -1 5

They will usually find {cosd} = - % or may fudge {cos @} = =

If these candidates give a convincing detailed explanation which must include reference to the direction
of their vectors then this can be given Al cso

Alternative Method 1: The Cosine Rule

-1 0 -1 1
PBE=0B-0P=| 3l-121=| 1| or BP=| -1 Marklnthe_sameway MI
as the main scheme.
8 3 5 -5
NmelPB| V27, [4B| = /3 and P4 = 24
A7 A7 Applies the cosine rule
[ J _E ] + { J - 2: ] }msg the correct way round M oe
cosf = M = l Correct proof | Al cso
18 3
131
8.(c) | Alternative Method 2: Right-Angled Trigonometry
-1 0 -1 1
PE-0B-0P=| 3l-12|=] 1 BP = -1 Mark in the same way M1
as the main scheme. |
& 3 5 -5
Either ( B) = (v27)
I =2 Confirms APAE 1s nght-angled | M1
or A4BePdq = 2|=-2-244=0
4
RO _
So, {cosf = :> cosfd = == Correct proof | Al cso
«.ﬂz? 3
3]
0
id) M1 Writing down a line in the form p + Ad or p + ud with either a =12 | or d = their AB d = their 4B,
3
or a multiple of their AR found in part (a).
0 1 0
Alft | Writing | 2 | + | =1 or | 2| +ud, where d = their AB ora multiple of their AB found in part (a).
3 1 3
Note | r= 1snot needed.
Note | Using the same scalar parameter as in part (b) is fine for Al.
(e) M1 | Either OP + their 4B or OP — their AB .
Note | This can be implied at least two out of three correct components for either their C or their D.
Alft | At least one set of coordinates are correct. Ignore labelling of C, [}
Alft | Both sets of coordinates are correct. Ignore labelling of O, I3
Note | You can follow through either or both accuracy marks in this part using their AB from part (a).




Way 1: L:sinﬁ'

M1 their |P_B‘
Way 2: Attempts|ﬂ‘ or |ﬁ|
1
Way 3: Attcmpts? (their PB)(their 48)sind
Note | Finding 4D by itself 1z MD.
Al Either
e B =4+/275in(70.5...) or ‘ﬁ‘ = ‘(‘_B| = {24 or equivalent. (See Way 1 and Way 2)
or
.. . | .
* the area of either triangle APE or APD or BDFP = E ﬁ{hﬁ]sm[?{].i..} o.e. (See Way 3).
dM1 | which is dependent on the 1* M1 mark.
A full method to find the area of trapezium ABCD. (See Way 1, Way 2 and Way 3).
Al 9.2 from a correct solution only.
Note | A decimal answer of 12.7279... (without a correct exact answer) 1s A(.
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5.

(Question

Number Scheme Marks
13 (2 -p
8. l:r=|8|+a| 2|. 4(3.-2,6), OP=| 0
|1 -1 2p
(3} (-p -p) (3 Finds the difference
(a) {_-1 } = -2|(-] 0 {4_} =[ 0 -1 -2 between 04 and OP . | M1
L6 2p L\ 2p) L 6 lgnore labelling.
I+p -3-p
=[ -2 =[ 2 Correct difference. | Al
\6—2p \2p -6
3+p [ 2
-2 | 2|=6+2p—-4-6+2p=0 See notes. | M1
\6-2p) | -1

p=1 Al cso

141




(b) |[AP|= J# + (<27 + 4 o [4P|=\(-4) + 27 + (4 See notes. | M1
So. PAurAP=~,"3_6 or 6 cao Al cao
It follows that, 4B ="6" {= P4 } or PB="62" {: J2 P4 } See notes. | Bl fi
{Note that 48 ="6" = 2(the modulus of the direction vector of [) }
3 2
OB =|-2|+2| 2| or
6 -1 Uses a correct method in order
to find both possible sets of | M1
o 13 [ 2 . 13 2 co?rdinates of B.
OB =18|-3 2| and B=|8|-7 2
1 -1 1 -1
7 -1
=2 |and | -6 Both coordinates are correct. | Al cao
)
151
9
Notes for QQuestion 8
8.(a) M1: Finds the difference betweenOA and OP. Ignore labelling.
If no “subtraction™ seen, you can award M1 for 2 out of 3 correct components of the difference.
3+ p -3I-p
Al: Acceptanyof | =2 |or (3+ pli-2j+(6-2pk or 2 or(=3- p)i+2j+(2p-6)k
6-2p 2p-06
Notes for Question 8 Continued
8. (a) 2 2
M1: Applies the formula Pde| 2| or APe| 2 correctly to give a linear equation in p which 1s set equal to
-1 -1
2
zero. Note: The dot product can also be with £&| 2|. Eg: Some candidates may find
-1
13 3 10
8| -] =2|=|10 |, for instance, and use this in their dot product which is fine for M1.
1 6 -5
Al: Finds p=1 from a correct solution only.
Note: The direction of subtraction is not important in part (a).
(b) M1: Uses their value of p and Pythagoras to obtain a numerical expression for either 4P or P4 or AP* or

PA. Eg: PAor AP = \[# +(<2)" + 4% or J(—4)" + 27 + (=4)® or4* +2° + &
or PAAor AP = & 4 (<2 + 4 or (-4 + 22+ (=4) or 4 +2° 4+ &

Al: APorPA = -f3_6 or 6 cao or AP’ =136 cao

B1ft: States or it is clear from their working that 4B ="6" {= their evaluated P4 } or

PB ="6"2 {= 2 (their evaluated PA) } .

Note: So a cormrect follow length is required here for either AB or PB using their evaluated PA.
Note: This mark may be found on a diagram.

Note: If a candidate states that |l7‘| = I]EI and then goes on to find |!7’| = 6 then the B mark can be implied.
IMPORTANT: This mark may be implied as part of expressions such as:

{AB =) J(10 + 24 + (10 + 24 + (=5-2)" =6 or { AB” =] (10 +24)" + (10 + 22)" + (-5- 2)' = 36

or {PB=}\J(14 4247 + 8+ 24) 4 (=1-2)° =62 or| PB* =) (144 24) + (8 4 22) 4 (-1- 2Y =72




M1: Uses a full method in order to find both possible sets of coordinates of B:

3 2 13 2 13 2
Egl: OB = | -2|%2| 2 Eg2: OB=|8|-3 2| and OB=|8(-7 2

6 -1 1 -1 1 -1
Note: If a candidate achieves at least one of the correct (7, 2, 4) or (=1, -6, 8) then award SC M1 here.

3 2 3 2
Note: OB = | -2|-3| 2| and OB =|-2|-7 2| isMo.

6 -1 6 -1

Al: Forboth (7,2,4) and (-1, -6,8). Accept vector notation or i, j, k notation.
Note: All the marks are accessible in part (b) if p =1 is found from incorrect working in part (a).

3 2
Note: Imply MIA1BI and award M1 for candidates who write: OB = | -2|+2[ 2|, with little or no
6 ~1
earlier working.
Notes for Question 8 Continued
Helpful Diagram!
[4B] = 92% + 902 + 225
13+24
10+ 22 B| 8+24
AB=|10+24 -4

-5-4i

‘ﬁ\ﬁ
14 + 24 POl = 0

PB=| 8+24 2 2p

-1-4

|ﬁ|l = 927 + 904 + 261




8.(b) | Way 2: Setting AB="6" or AB* ="36" Note: It is possible for you to apply the main scheme for Way 2.
|AB="6"=> AB" ="36" :>} (10 +22)" + (10 + 24)° + (-5- 4)° ="36"  BIft could be implied here.
94 + 904 +225=36 = 94" + 904 +189=0
AA+101+21=0= (A+NA+T=0
A=-3,-7
Then apply final M1 Al as in the original scheme. | .. M1 Al
8.(b) | Way 3: Setting PE = "6/2" or PB®="72" Note: Itis possible for you to apply the main scheme for Way 3.
{PB ="6"2 = PR ="T2" :>} (14 + 24 + (84 24) +(-1-A) ="72" Bift could be implied here.
9% +904 +261=72 = 92° +901 +189=0
A0 +21=0= (A+A+T) =0
A==-3-7
Then apply final M1 Al as in the original scheme. | .. M1 Al
Notes for Question 8 Continued
8. (b) (You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for

Way 4).

Way 4: Using the dot product formula between P4 and PB, ie: cos45 = P_A.-—E
|PA. PB‘
1 14 + 24
PAePB =|-2|e| 8424 | =56+81—-16—44—4—44=36
1 -1-4
For finding |ﬁ‘ as before. | M1
1 36

FCGS 45 =] = T e 36 or 6 Al cao
' "2 6 \Jort + 904+ 261 o V36
|PH‘: J947 +902 + 261 | Bl oe

1 36

2 94" + 904 + 261
94" 4904 +261=72 = 91" +904 +189=0

A+104+21=0= (A+3)A+T)=0
A==-3-7
Then apply final M1 Al as in the original scheme. | « M1 AL




(You need to be convinced that a candidate is applying this method before you apply the Mark Scheme for
Way 5).
, _ , — — . ABePB
Way 5: Using the dot product formula between 48 and PB, 1e: cos 45 = ————
| 48| |P5|

Attempts the dot product formula M1
between A8 and PB.

104247 (14+ 24 — —
10+ 24 lel 8+22 Correct statement with |.—1B| and |PBI Al
simplified as shown.

S -5-a)|-1-2
cosdd =— = ; - 2 .

N2 04T £ 904+ 225 947 + 904 + 261 Either|[4B|= 94" + 904 + 225 or -

|[PB|= Joi? + 904 + 261

140+ 204 + 282 + 427+ 80+ 204 + 164 + 447 + 5454+ A+ A7
B 94T 4902 + 225 f94° + 904 + 261
. 94 + 904 + 225
feos 45 o J9AT + 904 + 225 |92’ +904 + 261
1
2

= _
{cas 45 =

- &-

(94" + 904 + 225)

T (92% £ 904 + 225)(94% + 904 + 261)
1 (947 +904 + 225)

2 (94° + 904 + 261)
947 + 904 + 261 = 2(94% + 904 + 225) = 94° + 901 + 189 =0

AA+10A+21=0= (A+NA+T=0

A=-3-7
Then apply final M1 Al as in the original scheme. | « M1 Al
Notes for Question 8 Continued
8.(b) | Way 6:
1 2 2
PA=|-2|=2| -1| and direction vector of {is d =| 2
1 | 2 -1
A correct statement relating these M1 Al Bl

So, |PA| =2 |d| or PA=2 |d| distances (and not vectors)

Apply final M1 Al as in the original scheme. | .. M1 Al

Note: PA =2d with no other creditable working is MOAOBO...

3 2
Note: PA=2d, followedby OB = | -2 |+2| 2| is MIAIBIMI and the final A1 mark is for both sets of
6 -1

correct coordinates.
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6.
Question
Number Scheme Marks
8 10 =2
L
8 (a) AB=|3|-| 2 |=| I M1 A1 (2)
4) | |
10y (-2 8 -2
(b) r=| 2 |+t 1 r=|3 |+t 1 M1 Alft (2)
1) 4 1
10-2tY (3 T-2t
ur
(c) CP=| 2+t |—|12|=|r-10 — M1 Al
3+t 3 t
T-2tY (-2
t=10 1 1|==14+4+¢=10+t=0 — M1
t L1
Leading to r=4 Al
10-8 2
Position vectorof P1s | 2+4 |=| 6 L | ML AL (6)
3+4 7
[10]
Alternative working for (c)
B=2t 3 5-2t
ur
CP=| 3+t |-|12 |=| t-9 M1 Al
4+t 3 t+1
5-2t) (-2
(=9 1 |==10+4t+1-9+1+1=0 M1
t+1 1
Leading to t=3 Al
B—6 2
Position vector of P1s | 3+3 |=| 6 M1 Al (6)
7
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7.

S::frf]t::;rn Scheme Marks
7. OA=2i-j+5k, OB=5i+2j+10k, {OC=2i+4j+%]| & OD=-i+j+4k
(a) AB = = £((5i + 2j+ 10k) = (2i = j+ 5k)); = 3i + 3j+ 5k MI: Al
12]
2 3 5 3
ib) l:r=|=1|+A|3] or r=| 2|+A4|3 See notes | M1 Alft
5 5 10 5
12]
Let @ = BAD
Let d be the shortest
distance from Cto [,
P !
-3 3
(©) =| 2| or DA=|-2 M1
4 5) -1 1
3 =3 Applies dot product
3le| 2 fonnulli be:nvlefn
1B e AD 51121 their {AH‘ or B.ai} M1
cos = —— = = - = = - - - -
|AB|.|AD| \1{{3)'+(3)-+(5)' ,.J(_?.)- +(2) +(=1) and their [A‘D or DA}.
cos § =+ : : —:5"'"5—51 : Correct fq_:-llc:wcdthro.ugh Al
\}(3)- +(3)+(5) _J{_g}- +(2) +(=1)? expression or equation.
-8 1 AG
cos f = ——= = §=109.029544... = 109 (nearest”) : Al cso AG
mm awrt 109
e [4]
(d) OC = OD+ DC = OD + AB =(—i + j+ 4k) + (3i + 3j+ 5k) "
OC = OB + BC = OB + AD = (5i + 2j+ 10k) + (-3i + 2j- k)
So, OC = 2i + 4j+ 9%k Al
12]
() | Arca ABCD = (4(+/43)(¥/14)sin109" );x 2 =23.19894905 awrt 23.2 | M1: dM1 Al
131
d .
—£_=sin7l  or +f43d =23.19894905... M1
() \iﬁ
o d = l4sin71 = 3.537806563... awrt 3.54 | Al
12]

15




7. (a)

(b)

(c)

(d)

(e)

(H)

M1: Finding the difference between OB and OA .
Can be implied by two out of three components correct in 3i + 3j+ 5k or = 3i -3j-5k

Al: 3i+3j+ 5k
M1: An expression of the form (3 component vector ) + A(3 component vector )
Alft: r=03+l(their tAE) or r=O0B+ fl(their tié)

x
Note: Candidate must begin writing their lineas r= or [=.. or| v |=.. So, Line=.. would be AQ.

MI1: An attempt to find either the vector 4D or DA.
Can be implied by two out of three components correct in —3i+ 2j—k or 3i — 2j+ k, respectively.

Applies dot product formula between their (AE or B.:i} and their {Aﬁ or Dﬁ]

Alft: Correct followed through expression or equation. The dot product must be correctly followed through
correctly and the square roots although they can be un-simplified must be followed through correctly.
Al: Obtains an angle of awrt 109 by correct solution only.

Award the final Al mark if candidate achieves awrt 109 by either taking the dot product between:

Mi1:

3 -3 -3 3
(i) |3|and| 2| or (i) |—=3|and | -2 |. Ignore if any of these vectors are labelled incorrectly.
5 -1 -5 1
Award A0, cso for those candidates who take the dot product between:
-3 -3 3 3
{m) | =3fand| 2| or (w) |3|and |-2].
-5 -1 5 |

.
They will usually find awrt 71 and apply 180 — awrt 71 to give awrt 109, If these candidates give a
convineing detailed explanation which must include reference to the direction of their vectors then this can be
given Al cso. If still in doubt, here, send to review.

M1: Applies either OD + their AB or OB + their AD.

This mark can be implied by two out of three correctly followed through components in their oD.
Al: For 2i +4j+ 9.

M1: i(their AB)(their CB)sin(their 109°or 71" from (b)). Awrt 11.6 will usually imply this mark.

dM1: Multplies this by 2 for the parallelogram. Can be implied.
Note: 4((their AB +their AB ))(their CB)sin(their 109 or 71" from (b))

Al: awrt 23.2
Mi1: L = sin(thcir 109" or 71" from (b]}or (their 4B) d = (their Area ABCD)
their 4D

Award MO for (their AB)in part (f), if the area of their parallelogram in part (e) is
(their AB)(their CB).

Award MO for or {their Jia }af = 23.19894905...

d .
7their -JE =sin7l
Al: awrt 3.54
Note: Some candidates will use their answer to part (f) in order to answer part (e).




Alternative method for part (c): Applving the cosine rule:

AD=0D-04=

DB=0D-04=

-1 2 -3
Lf=[=-1|=| 2
4 5 -1
5 -1 (6
21-] 1[=]1
10 4 6

So ‘A§|:JE, |A.ﬁ|=,jﬁ and ‘D§|:ﬁ

(V3] +(V3) - (¥73)

cos @ =

244314

cos @ = _—IE.
24314

Alternative method for part (d):

2 3
-1[+4]|3
| 5 5
2+34
-1+34 |-
S+ 54

OF =

]
)
1}

DEeAB =0 =

9+91 6494 +5+34=0= A=

2434
=1+34]-
5+ 54

DE=

-1
1| =
4
3+34

-2+ 34
1+ 54

-1
] =
4

Length DE = 3.537806563...

3+34

-2+34
1+ 54
3

« 3(=0
5

103
43

110

43
3

41

3
or DA=|-2 M1: as above.
1
-6
or BD=| -1
-6
M1: Cosine rule structure of cos@ :%_h_fl assigned

8
43

3

each of I;‘I!E

.aiﬁl and ‘Dﬁ| in any order as their a, b and c.

Al: Correct application of cosine rule.

= #=109.020544... }z 109 (nearest®)  Al: awrt 109 (no errors seen). AG

M1: Takes the dot product between DE and AB and
progresses to find a value of A

dM1: Uses their value of A to find DE

Al: awrt 3.54
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8.
Question
Number Scheme Marks
6. (a) i 6-A==-5+2u
I =3+24=15-3u Any two equations | M1
leadingto A=3, u=4 M1 Al
6 -1 3 -5 2 3
r=|-3[+3| 2|=|3]| or r=| 15|+4] 3 |=|3 MI Al
-2 3 7 3 1 7
k: LHS =-2+3(3)=7, RHS =3+4(1)=7 Bl (6)
(As LHS = RHS, lines intersect)
3
Alternatively for B1, showing that A =3 and g =4 both give | 3
7
-1 2
(b) 21 3 |=-2-6+3=V14"14cos0 (0~110.92°) MI Al
3 |
Acute angle 15 69.1° awrt 69.1 | Al (3
6 -1 5
(€ r=|-3|+1 2|=|-1| ( = Bliesonl/,) Bl (1)
-2 3 |
B 4
(d) Let d be shortest distance from B 1o /,
- 5 3 2 d
A_—~g
AB=|-1|-|3|= 4
— i M1
| 7 —6 -
wm i . .
4B = (2" +(-4)" +(-6)")=V56 awrt 7.5 | | Al
——=sm# MI
V56
d =+/56sn69.1° = 6.99 awrt 6.99 Al (4)
[14]
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9.

%tﬁg:p Scheme Marks
4,
(@) | AB=-2i+2j-k—(i-3j+2k)=-3i+5j-3k M1 A1 (2)
(b) | r=i-3j+2k+A(-3i+5j-3k) M1 ATft  (2)
or r=-2i+2j-k+A(-3i+5j-3k)
(c) | AC=2i+ pj—4k—(i-3j+2k)
—i+(p+3)j-6k or CA | B1
| -3
ACAB=|p+3|| 5 |=0 M1
-6 )| -3
=3+5p+15+18=0
Leading to p=-6 M1 A1 (4)
(d) | AC* =(2-1) +(=6+3) +(-4-2)" (=46) M1
AC=+46 accept awrt 6.8 | A1

(2)
[10]
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10.

Question
Number Scheme Marks
7. (a) jcomponents 3I+24=9 = i=3 {,ﬂ=1} M1 Al
Leading to C:(5,9,- ]] accept vector forms Al 3)
(b) Choosing correct directions or finding AC and BC |MI
1Y(5
200[=53+2=+6+29cos ZACE use of scalar product | M1 Al
1)12
ZACEB =57.95° awrt 57.95° | Al (4)
(c) A:{2.3,—4} B:{—S.‘S‘,—S}
3 10
AC=|6|, BC=|0
3 4
ACP=F+6'+3 = AC=36 M1 Al
BC'=10"+4" = BC=2+29 Al
&AB(.“:%ACxBCSin ZACE
=%3\.‘6x2\'295in¢4€3z33.5 1545, awrt 34 | M1 Al (5)
[12]
Alternative method for (b) and (c)
(b) A:{E.B,—4] B:{—S,‘?.—S] C:[S, 9,-1)
AB =T +6"+1"=86
AC =¥ +6"+3 =54
BC =10" +0" +4° =116 Finding all three sides | M1
116+54-86
08 SACE =———— (=0.53066 ...
o 2116354 | ) MIEAL
ZACE =57.95° awrt 57.95° | Al (4)

If this method is used some of the working may gain credit in part (¢) and
appropriate marks may be awarded if there 1s an attempt at part (c).
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11.

Question
Number Scheme Marks
Q4 {a) A: {—& 4,—1} Accept vector forms | B1 (1)
4 3
(®) | -1[| 4 |=12+4+3= & +(-1) +3*|f3 +(~4) +1 cosO M1 A1
3 |
19
cosf =— awrt 0.73 | A1 (3)
26
(c) X: (10,0.11) Accept vector forms | B1 (1)
10 -6
) Ax=|o0|-| 4 Either order | M1
11 -1
16
= -4 cao | A1 (2)
12
(@) |AX|=16 +(~4) +12° M1
=416 =16x26 =426 * Do not penalise if consistent | Al (2)

incorrect signs n (d)

By

Use of correct right angled triangle
—=cosf |:

d= =279 awrt 27.9

d
426
12

-

M

M

Al

(3)
[12]




